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Abstract. Results of theoretical and numerical studies of the Hasselmann kinetic equation for wind waves are presented. Approximate selfsimilar solutions for duration-limited and fetch-limited wind-wave growth
are analyzed and related with the classic Kolmogorov spectra of the weak
turbulence theory. It is shown that these solutions can be considered
as non-stationary and non-homogeneous generalization of these spectra.
The experimental parameterizations like JONSWAP spectrum, that have
features of self-similarity, give a solid basis for comparison with the theoretical predictions. The comparison is detailed in extensive numerical
studies of duration-limited growth of wind waves basing on the algorithm
by Webb [20] first realized by Resio & Perrie [16]. Strong tendency of numerical solutions to self-similar behaviour is shown for rather wide range
of conditions of wave generation and dissipation. A composite model of
wind-wave balance is proposed for description of the self-similar fraction
of wind-wave field: the shapes of the solutions are described by the “conservative” Hasselmann equation while the wave growth is determined by
the balance equation for generation and dissipation in an integral form.
The shapes of the self-similar spectra display perfect coincidence with
the spectra measured in the JONSWAP and other major fetch-limited
studies, while parameters of wave growth governed by the balance equation are consistent with experimental dependencies of total wave energy
and mean frequency on time.

1

Introduction

The rogue waves in the ocean do not exist on their own. Their appearance and
transformation is closely linked with environmental conditions and, first of all,
with the wind-wave state.
Spectral description is widely used to describe the wind-wave field and its
evolution in time and space. Experimental parameterizations of the spectra imply
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self-similar and quasi-universal dependencies of the spectra on a set of nondimensional parameters. E.g. the widely used modified JONSWAP spectrum [5,
4] has exactly the form of the so-called incomplete or the second type self-similar
dependence
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where the spectrum shape depends on an “internal” parameter — non-dimensional frequency ω/ωp , while the dependence of αT on an “external” parameter —
inverse wave age U10 /Cp = ωp U10 /g is generally fitted by power-like approximation [21]
(2)
αT = α0 (U10 ωp /g)κα
Hereafter Cp and ωp are phase speed and frequency of the peak component of
wave spectra and wind speed Uh is taken at some reference height h. For α0 we
accept the estimate [1]:
α0 = 0.08/(2π)
(3)
The standard set of shape parameters was proposed as a good fit for the JONSWAP data
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Wave spectra at different stages of wave development can differ considerably
from the “universal” parameterization (1) with fixed shape parameters (4, 5).
Later basing on analysis of various wave data these parameters have been treated
as functions of wind-wave conditions, first of all, of wave age.
Probability of rogue waves can show significant correlation with the spectral shapes variability, in particular, with the peakedness parameter γ [7, 12,
13]. Thus, more accurate description and forecasting of wind-wave spectra (not
integral or mean characteristics of waves only) may be useful for prediction of
rogue wave events.
In this paper we present recent results of theoretical and numerical studies of
the Hasselmann kinetic equation that is a basis of many wave prediction models
such as WAM and SWAN. This equation describes evolution of spectral densities
of wave action N (k) (or energy E(k)) as a result of nonlinear transfer due to
four-wave resonant interactions and numerous mechanisms of wave generation
and dissipation (wind impact, turbulence etc.)
∂Nk
+ ∇k ωk ∇r Nk = Snl + Sin + Sdiss
∂t

(6)

While the nonlinear transfer term Snl is known “from the first principles” the
knowledge of wave input Sin and generation Sdiss terms is based mainly on
experimental parameterizations. The dispersion of wave input terms S in given
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by different authors is comparable in magnitude with the terms themselves.
This raises the evident question: whether the models can provide a reliable wave
forecasting when there is the uncertainty in source functions in (6)?
The message of the study:
The nonlinear transfer is a dominating mechanism of developing wind-wave spectra and, thus, basic features of the spectra evolution can be predicted quite well
without knowledge of details of non-conservative terms Sin and Sdiss .
In §2 the theoretical analysis of the asymptotic self-similar solutions of the
Hasselmann equation is presented. We show that the self-similar behaviour of
wind-wave spectra is a result of the dominating non-linear transfer as compared
with wave input and dissipation.
In §3 we consider numerical solutions of the Hasselmann equation for different functions of wave input and find that the self-similar behaviour of these
solutions shows universality features, i.e. spectral shapes depend very slightly on
parameters of wave input.
In §4 we analyse variations of the numerical solutions from a universal shape
and show that these solutions can be presented effectively as a self-similar “core”
superimposed on a non-self-similar background. The evolution of the self-similar
core depends rather slightly on the particular wave input function Sin and,
thus, the parameters of the core — the peak frequency and the spectral peak
magnitude can be predicted better than mean frequency and total wave energy
contaminated by non-self-similar wave background.
In Discussion we propose a composite model of evolution of wind-wave spectra basing on the concept of self-similarity and universality of spectra of winddriven waves.

2

Self-Similar Solutions for the Hasselmann Equation

The Hasselmann equation [8] is a subject of the theory of weak turbulence. The
key point of the theory is investigation of the stationary kinetic equation
Snl = 0

(7)

The Rayleigh-Jeans solutions describe local balance of each resonant quadruplet
of water wave harmonics, while the so-called Kolmogorov-Zakharov (KZ) solutions correspond to a dynamical equilibrium when input and output for each
element of the nonlinear system are balanced, i.e. spectral fluxes of integrals of
motion are constant. Two solutions of this type play a fundamental role: the
direct cascade solution with a constant flux of energy from large to small wave
scales [22] and the inverse cascade solution that describes a constant flux of wave
action to long waves [23]. These solutions are usually considered as irrelevant to
wind-wave problems because they are isotropic and non-localized in wave scales.
A generalization of the KZ solutions can be found for “conservative” nonstationary or non-homogeneous kinetic equations that model duration-limited
∂Nk
= Snl
∂t

(8)
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or fetch-limited growth [24] of wind-driven waves in x−direction
∂ω ∂Nk
= Snl
∂kx ∂x

(9)

Further we shall discuss the duration-limited case only, the fetch-limited case
can be analysed similarly. Details can be found in [2, 3]. The models (8, 9) do
not contain terms or wave input or dissipation. In fact, sources and sinks are
implied at infinitely small and at infinitely large wave scales quite similarly to the
constant flux KZ solutions. The homogeneity property of the collision integral
Snl ∼ N 3 |k|19/2

(10)

allows for constructing non-stationary anisotropic self-similar solutions in the
form (duration-limited case)
N (ξ) = atα Uβ (ξ)

(11)

where the self-similar variable ξ = bktβ and the solution parameters obey
a = b19/4 ;

α = (19β − 2)/4

(12)

The exponents α and β can be determined from the condition of power-like
growth of total wave action
Z
Ntot ∼ N (ξ, t)dk ∼ b11/4 tr
(13)
As already noted, the self-similar solutions (11) with parameters defined by
(12, 13) imply sources (sinks). The integral condition (13) replaces wave input
and dissipation term in the generic Hasselmann equation (6). One has for the
exponent of wave action growth
r = α − 2β = (11β − 2)/4 = (11α − 4)/19

(14)

For the total wave energy Etot ∼ tp one gets
p = α − 5β/2 = (11β − 4)/4 = (9α − 5)/19

(15)

The “shape” function Uβ (ξ) satisfies the equation in self-similar variables that
resembles a stationary kinetic equation with a special source term
αUβ + βξ∇ξ Uβ = Snl [U (ξ)]

(16)

In fact, we split the Hasselmann equation into two parts. The first one (16) gives
a shape of the solutions, while the condition (13) describes an integral balance
of wave action. This composite model of the wind-wave balance implies that the
nonlinear transfer dominates as compared with wave input and, thus, the latter
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can be taken into account in the integral form (13). A simple estimate of validity
of such substitution gives for the duration-limited case
α > 1;

r > 7/19

(17)

— the solution should grow fast enough for the nonlinearity to be dominating
over the wave input and dissipation terms. The result is physically transparent
— the strong non-linear transfer requires strong non-stationarity. In fact, the
effect of dominating collision integral Snl in the kinetic equation can be justified
correctly in numerical experiments only.

3

Quasi-Universality of Wind-Wave Spectra

Extensive numerical studies of the Hasselmann equation (6) for different wave
input parameterizations [6, 11, 17, 14, 18] has been carried out recently basing
on the Resio & Perrie approach [16] improved by Pushkarev [15]. The analysis
of the numerical solutions was focused on features of self-similarity of windwave spectra. The form of the approximate self-similar solutions (11) allows for
a time-independent presentation of the solution and, thus, for an analysis of
dependencies in terms of non-dimensional wave frequencies. Using the freedom
in scaling parameters a and b in (12) one can let
ξ = b|k|tβ = (ω/ωp )2 ;

Uβ (1) = 1

(18)

Quite similarly to the parameterizations of wind-wave spectra (e.g. eq.1) one has
a form of the second-type self-similar dependence in terms of non-dimensional
frequency (“internal” variable) and an “external” combination of the scaling
parameters a, b and the solution peak frequency — a straightforward analogue
of wind-wave age. These dependencies can be analysed separately in order to
check the idea of self-similarity of the numerical solutions.
Two large series of experiments were carried out. First, the “academic” experiments with special input functions in (6) have been targeted at obtaining the
self-similarity properties “in pure” state in the wide range of the key parameter
of self-similarity r — the exponent of total wave action growth. All the experiments showed very strong tendency of the numerical solutions to the asymptotic
self-similar behaviour. Moreover, the “shape” functions Uβ (ξ) (18) for different
β (or r) were found to be rather close to each other. In other words, the shapes
of the asymptotic solutions turn out to be quasi-universal, independent of input
function Sin .
The results of the “academic” series have been used as a reference for the
second series of numerical experiments with realistic input functions given by
experimental parameterizations [6, 11, 17, 14, 18]. The similar strong tendency to
self-similar behaviour has been observed in this case and, quite like to the “academic” experiments, the shape functions Uβ (ξ) have been found to be quasiuniversal. Fig.1 illustrates this result for parameterizations of input functions by
Snyder et al. [17], Hsiao & Shemdin [11] and swell. The normalized dependence
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Hsiao & Shemdin 10m/sec
Hsiao & Shemdin 20m/sec
Hsiao & Shemdin 30 m/sec
Snyder et al. 10m/sec
Snyder et al. 20m/sec
Swell
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Fig. 1. Normalized spatial spectra of wave action Uβ (ξ)/Uβ (ξ p ) for down-wind direction as functions of non-dimensional frequency ω/ωp for different wave input parameterizations and wind speeds (shown in legend). The JONSWAP spectrum for the
standard peakedness γ = 3.3 is shown by dashed curve. Power laws for stationary
Kolmogorov’s solutions are shown by dashed (ω −4 — direct cascade) and dotted lines
(ω −23/6 — inverse cascade).
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Fig. 2. Normalized frequency spectra E(ω)/E(ωp ) as functions of non-dimensional
frequency ω/ωp for different wave input parameterizations and wind speeds (shown in
legend). The JONSWAP spectrum for the standard peakedness γ = 3.3 is shown by
dashed curve. Power laws for stationary Kolmogorov’s solutions are shown by dashed
(ω −4 — direct cascade) and dotted lines (ω −11/3 — inverse cascade).
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Uβ (ξ)/Uβ (ξ p ) is shown for down-wind direction where the wave input is maximal. In view of this fact and the results of the “academic” series the universality
of the shapes of solutions in self-similar variables does not look surprising as far
as the corresponding self-similarity parameter r varied very slightly: in all the
experiments with realistic pumping 0.85 < r < 1.0. The special case of swell
(r ≈ 0, solid curves in figs.1, 2) shows a visible difference as compared to other
cases. The difference of numerical solutions for different wave inputs becomes
prominent in terms of spectra averaged in direction. Fig.2 shows the normalized
frequency spectra for the same set of numerical runs as fig.1. The spectral shapes
are close to each other and to the standard JONSWAP dependence (dashed line)
near the peak (approximately up to 1.3ωp ) and at high-frequency tails (ω > 2ωp ).
In the range 1.3 < ωp < 2ωp noticeable variations of spectra are observed
depending on the wave input parameterization and on time. The relaxation of
the solutions to an asymptotic form is very fast irrespectively to the wave input
parameterization: generally, it takes less than 2 hours for a solution to fit its
asymptotic with accuracy less than 5%. For the range 1.3 < ωp < 2ωp this
time is substantially longer. Figs.3, 4 illustrates this result for approximately
2 and 8 hours of development of wave spectrum with the parameterization [6]
and wind speed 10 m/s. A plateau is seen in the spectrum at 8 hours (fig.4). In
some experiments a prominent peak was observed in the same frequency range.
In all the cases the shape of the spectral peak is reproduced remarkably well
irrespectively to the way of wave pumping while outside the narrow peak there
is a variety of spectral forms that depends on wave pumping and the stage of
wind-wave development.
Our analysis of self-similarity features allows to present (at the moment qualitatively) the wind-wave spectra as a combination of a self-similar “core” and a
wave background. Evidently, the evolution of the core that does not depend on
details of functions Sin and Sdiss can be predicted quite well while the spectrum
background depends on these details essentially and, thus, cannot be forecasted
reliably.

4

Exponents of Wind-Wave Growth

The next part of our analysis of self-similarity features of the numerical windwave spectra concerns the evolution of global properties of wind-wave field
such as characteristic frequencies (periods) and total energy (or significant wave
height). In view of previous results the question can be formulated as follows:
What characteristics of wind-wave field are more adequate to the problem of
wind-wave prediction? What predictions are more reliable?
The wind-wave growth can be characterized in different ways: first, in terms
of mean (integral) quantities like dispersion of wave heights or mean frequency,
second, in terms of characteristic quantities of spectral distribution, i.e. peak frequency and spectral peak magnitude. Certainly, the first way is easier to realize,
while the latter method requires more keen data processing. In our numerical
experiments one can calculate easily both sets of characteristics and the corre-
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Fig. 3. Frequency spectra for numerical solution of the Hasselmann equation with
Donelan et al. wave generation rate [5] (solid line) and modified JONSWAP spectrum
(eq.1, dashed) for “young” waves. Wind speed U10 = 10m/s, time 2 hours
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Fig. 4. The same as in previous figure for time approximately 8 hours
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sponding exponents of power-like fits. For total energy and mean frequency one
can define (see eq.15) these exponents as follows
R
Z
ωE(k)dk
∼ t−q
(19)
Etot = E(k)dk ∼ tp ;
ωmean =
Etot
These definitions take into account the wave spectrum globally, that is, in terms
of the previous section, both self-similar core and non-self-similar fraction of the
spectrum contribute into the exponents p and q.
Alternatively, one can try to extract parameters of the growth of self-similar
core of the numerical solutions by tracing dependencies of peak frequency and
the spectral peak magnitude. In terms of exponents α and β in (11) one can
calculate easily the “self-similar counterparts” of p and q
pss = α − 5β/2 = (11β − 4)/4 = (9α − 5)/19;

qss = β/2 = (2α + 1)/19 (20)

The parameter α is more useful for calculating pss and qss because of wider

1

(1/3, 1)
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(3/11, 8/11)
0.5

0
0

0.1

0.2

0.3

0.4

q
Fig. 5. Exponents p and q for power-like approximations of total energy and mean
frequency of the kinetic equation solutions. ° — Isotropic ‘academic’ runs; ♦ —
Anisotropic ‘academic’ runs; 4 — Swell; ¤ — ‘Real’ wave pumping. Exponents for
constant wave action and wave energy inputs are given by stars. Hard line shows theoretical dependence of p on q, dashed line corresponds to Toba’s law.

range of change of the spectra magnitudes. The use of β is limited essentially by
discrete frequency grid. Introduce the corresponding Toba’s parameter
T = p/(2q);

Tss = pss /(2qss ) =

9α − 5
4α + 2

(21)
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pss

(1/3, 1)
(3/11, 8/11)
0.5

0
0

0.1

0.2

qss
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Fig. 6. The same as in previous figure for exponents pexp and qexp calculated for the
parameters of solutions’ peaks (exponents α and β of the self-similar solutions).

that describes the power-like dependence of significant wave height on wave
period (frequency)
A ∼ (1/ω)T
The empirical value of the exponent T = 3/2 has been obtained by Toba [19].
Fig.5 presents values of exponents of wave growth for different numerical experiments with both “academic” and “realistic” functions of wave input. One can
see that “academic” series follow the self-similar relation (20) rather than Toba’s
law 3/2. At the same time the “realistic” series give the exponents that are closer
to Toba’s exponent 3/2 (dashed line). This divergence in “academic” and “realistic” dependencies becomes vanishing if we consider the wave growth exponents
pss , qss for the self-similar core of wave spectra (fig.6). The peak frequency is
growing faster than the mean frequency while the energy of the self-similar core
is growing slower than the full wave energy, i.e. the non-self-similar fraction of
wind-wave field can affect essentially wave growth features.

5

Discussion. A Composite Model of Wind-Wave Balance
and Predictability of Wind-Wave Spectra

In this paper we showed that the self-similar solutions of the Hasselmann equation give a good approximation to the observed wind-wave spectra and parameters of wind-wave growth. These approximate solutions do not take into account
details of wave input but depend on integral properties of this input. The asymptotic procedure that leads to these solutions implies a splitting of the wind-wave

Self-similarity of wind-wave spectra

11

balance into two parts. First, the “conservative” Hasselmann equation with no
generation or dissipation terms describes a family of spectral shapes
dNk
= Snl
dt

(22)

The parameters of the particular solution of the family is specified by the equation of integral balance of wave action (energy)
h

dNk
i = hSin + Sdiss i
dt

(23)

In the consideration presented above these parameters are nothing but exponents
of temporal growth of total wave action (energy). It should be stressed that the
composite model is valid not for all waves but for those only which evolution is
governed predominantly by non-linear transfer. Strictly speaking, the model is
valid for a self-similar “core” of the solutions of the Hasselmann equation.
A key result of the present study is: the self-similar forms of wave spectra
given by (22) depend very slightly on the integral balance (23). Thus, the quasiuniversal spectra can be characterized effectively by their peak positions and
magnitudes. This note becomes very important for non-self-similar background
of wind-wave spectra. This background is beyond the composite model (22, 23).
It depends on details of wind-wave balance and can affect essentially the integral
energy and mean frequency. Thus, the prediction of the background behaviour
is less reliable than one of the self-similar core. At the same time, the mean
frequency and the total energy that characterize this background are easier to
be measured in the ocean than the spectral peak properties.
As it was pointed out in Introduction, occurrence of rogue waves is likely
associated with certain stages of wind-wave development. In our opinion, the
analysis of wind-wave state in terms of the concept of self-similarity presented
above can help in more adequate description of the wind-wave state in the context of rogue wave dynamics.
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