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Abstract. Long-term ensembles of hindcasted sea wave spectra are analyzed in 
order to provide a statistical description of spectral wave climate. The possibil-
ity to identify situations of high probability of freak wave occurrence is consid-
ered by analyzing the situations in which there has been rapid transitions be-
tween types of wave spectra as classified in the climatic spectra evaluation. 

1   Introduction 

Nowadays the main source of wave climate information is based on the results of                                         
hydrodynamic simulation of wave generation by past wind fields (in other words 
hindcasting). Spectral models, mainly WAM, Wavewatch and SWAN are being 
widely used. The result of hindcasting is a set of wave fields described by directional 
spectra at selected grid points. Normally the statistics that are determined, based on 
the moments of directional wave spectra, are the significant wave height , mean 

period
sh

τ , and the mean wave direction θ . These parameters contain the general in-
formation about the intensity of the waves, but they do not describe the spectral struc-
ture of complex sea states so completely as the spectra do. 
The first attempt to analyze the long-term variability of sea wave spectra was made 
by Scott [14]. The average wave spectra were computed using 204 wave records at 
OWS “I” in the North Atlantic. Buckley [1] analyzed more than 2 million spectra that 
were measured during 12 years at 13 buoys located in coastal waters of the USA. All 
the wave situations were subdivided down into twelve types, based on the values of 
significant wave height.  
The main methodological approach to provide average spectra that can be considered 
a spectral wave climate description is connected with principles of “averaging” of 
both the frequency and directional spectra, for which there are many different tech-
niques. For instance, Vincent & Resio [16] represent the spectral ensemble using the 
expansion with respect to empirical orthogonal functions, but the interpretation of the 
principal components sometimes is not clear. Ochi [12] analyzed 800 spectra and 
showed that the most general representation would be the composition of one-peaked 
spectra with the simple set of parameters. Statistical models of long-term variability 
of multi-peaked spectra were considered by Guedes Soares et al. [4,7] and Lopa-
toukhin et al. [8,9] for omni-directional case. 



The principal goal of this paper is the development of a parametrical statistical model 
for climatic multi-peaked directional wave spectra, and to suggest the possibility to 
use these results for estimation of freak wave probability arising [11]. Freak (or 
rogue) waves are one of the main hazards at sea. Most existing freak wave measure-
ments are recorded in some point of the sea, but most short-term statistics do not 
show such phenomena. The directional spectrum of wave record does not reveal the 
existence of freak wave and consequently the results of hindcasting for any specific 
time also do not display any suspicion of such type of waves. However synthesis of 
hindcasted spectra, i.e. their long-term (climate) features opens the perspective to 
identify situations of higher probability of occurrence of the freak wave phenomena 
as will be shown in the last section here. 

2   Initial dataset and problem to solve 

Statistical models of directional wave spectra may be developed for any sea or part of 
the Ocean. The North Sea was selected for this study as being one of the most inves-
tigated areas, where many wave measurements and data are available. The informa-
tion about long-term distributions of spectral parameters are known and published. 
The data used here is the continuous ensemble of the hindcasted sea wave fields from 
1983 till 1998 (each 3 hours), obtained with the help of Wavewatch III (version 2.22) 
model for a grid of 15×15 miles. The NCEP/NCAR reanalysis wind speed (at 10-m 
level) was used as input. In each point the directional sea wave spectrum  
has 24 values in direction  (step 15

),( jiS θω

jθ 0) and 25 in frequency ω . The total number of 
the sea grid points is more 1500. Thus, the integral size of the output data (arrays of 
the directional wave spectra) is enormous. Total number of spectra is more than 65 
millions, and the bulk of data is 4⋅10

i

10 numbers. 
The main problem to solve is the statistical generalization of such data, taking to 
account the physical features of sea waves and specifics of the data representation. 
High dimension of these values and the complexity in interpretation induces one to 
adopt some simplifications in calculations of wave climate statistics and in particular 
in the form of spectra. This simplification is based on the parameterization of the each 
directional spectrum 
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which is defined as a deterministic function of random arguments Ξ . Thus, the 
formulation (1) allows reducing all the results of statistical modeling to a space of 
spectral parameters. 
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There are some challenges in the achievement of a clear result in statistical modeling 
of directional wave spectra. A methodological challenge is caused by the fact, that the 
traditional techniques for statistical formalization of sea wave spectra (e.g. principal 
component analysis, clustering without learning etc.) are not adequate to problem 
solving, because they not take into account both the physical features of sea waves 



and data specifics. Therefore, the alternative statistical approaches highlighting the 
physics of Ξ  are needed. ),( tr

r

A performance challenge reflects the strong requirement to computational procedure 
due to high amount of data. In spite of these challenges, the formulation (1) allows 
one to achieve the main objectives of spectral wave climate investigations: 
• to select classes of wave spectra and to estimate their probability; 
• to propose a parameterization which allows one to justify a choice of difference 

between the various classes (i.e., the selection of discriminant variables); 
• to approximate the ensemble {S(ω,θ)}  in terms of its probabilistic characteristics; 
• to elaborate a stochastic model of the spectral wave climate; 
• to analyze the association between climatic wave spectra and rare events (the 

possibility of freak waves). 
The problems of the classification and the discriminant analysis of climatic wave 
spectra were considered in [10]. Here only the problems of statistical modeling of 
spatio-temporal variability and approximation of the statistical characteristics are 
considered. Using of climatic wave spectra as the base of freak wave probability 
forecasting is discussed. 

3   Statistical parameterization of directional spectra 

In the present study, parameters of the spectrum related to wave height, spectral 
shape, the frequency of the spectral peak, ωmax, and the main wave direction, θmax, are 
selected as parameters in Ξ. The single peaked model spectrum may be written as 

, where  signifies the set of the spectral parameters.  ),,/( maxmax Ξθ−θωωS Ξ
The more general multi-peaked spectrum S(ω,θ)  are obtained as 
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where m00, the 0th moment of the spectrum, is equal to the total variance of wave 
field,  is the number of wave fields (peaks in the spectrum), and κfieldsn p are weight 

factors for each system so that .  1
1
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Guedes Soares [3] has proposed that two-peaked spectra could be represented by a 
combination of two JONSWAP components, which was also adopted by Tor-
sethaugen [15] and more recently confirmed by Ewans et al [2]. However, in view of 
the heavy computational demand, a simpler frequency model spectrum - the Gamma-
spectrum – was adopted both for wind sea and swell:,  
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Note, that , and that the spectral peak occurs for ω=ω( ) 1,,
0 max =ωωω∫
∞

Γ dnS max. For the 

directional distribution, a well known one was adopted with the form: 
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where Cm is a normalizing parameter such that ∫ , and the m parame-

ter determines the width of the angular distribution.  
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The model of one-peaked directional spectrum used below is therefore 
( ) ( ) ( mQnSmnS p ,,,,,,,|, max0maxmaxmax θθωω=θωθω Γ )    (5) 

This means that the building blocks of Sp are defined in terms of four parameters 
ωmax, θmax, n, and m. The full spectrum shown in (2) is completely defined by specify-
ing the overall energy in the waves, m00, the weights , and the parameters for each 

system, {ω
pκ

maxi, θmaxi, ni, mi}.  From these expressions one can derive the marginal 
spectra, S(ω) and Q(θ), defined from the integration of the expression in Eqn. (2) over 
direction and frequency, respectively. 
The parameters m00, ωmax1, and θmax1 are determined directly from the spectra for the 
main peak. These values define the total energy of the spectrum, and the location and 
number of the prevailing wave fields.  
The secondary wave systems are characterized by parameters ωmaxi and θmaxi, 

; but their definition are not obvious everywhere. Lopatoukhin et al [10] 
have considered the simplified case, where all wave systems (ω

...4,3,2=i

maxi,θmaxi) correspond 
to the clear separate peaks in the directional spectrum. But in fact, there are some 
situations, where the summary spectrum of wind sea and swell have only one single 
clear peak with the broad peak corresponding to the input of a secondary wave sys-
tem. To reveal such cases the parameterization procedure of [11] was modified on the 
base of sequential conditional optimization technique. The brief algorithm considers 
the minimization of the functional, called “the deviation index”: 
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where  are the values of the model output (for frequency ω  and direction ). 
Sensitivity values  and  are driving the algorithm calibration; in this work the 

values adopted were ∆  and =0.1 (rad/s). Solving of the problem in equa-
tions (6,7) was done by means of adaptive Monte-Carlo approach for  

in sequence. The computations were finished when the , where  is the 

sensitivity parameter (in this case, =0.05, i.e., the secondary wave system was 
considered negligible, if its energy input in m
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00 less than 5%). 
Thus, any directional spectrum in the ensemble may be parameterized in terms of 
model (2-5), using the optimization procedure (6,7). But the different number of 
wave systems  in (2) lead to spectra with the principally different shapes that 
may be described by means of statistical classification. 

fieldsn



4   Spatio-temporal statistics of climatic wave spectra 

4.1. Occurrence of the spectral classes 

The model (2) allows one to distinguish one-, two- and multi-peaked (by variables ω 
and θ) spectra. Hence, a generic classification may be presented as shown in Fig. 1 
for the SW part of the North Sea. The details of the classification procedure are pub-
lished in [10].  

 
Fig. 1. Classification and transient “star” diagram for directional spectra variability. SW part of 
North Sea. 

 
 

The following five classes of wave spectra are selected:  
One-peaked spectra ( 1) fieldsn =

• Wind waves (k=1); 
• Swell (k=2); 

The separation between wind waves and swell is based on the non-dimensional steep-
ness defined as 
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If δ>300, then spectrum belongs to a swell, otherwise to wind waves.  



Double-peaked spectra ( 2) fieldsn =
• Wind waves and “young” swell with close frequencies (k=3); It means, that 

in (7) may be ω∆<ω−ω ji maxmax . 

• Wind wave and “old” swell separated both by frequency and direction 
(k=4); 

Multi-peaked spectra ( ≥3). fieldsn
• Wind waves and swell without separation (complicate sea) (k=5). 

The spatial distribution of occurrences of each class of the spectra in the North Sea is 
shown in the Fig. 2. It is seen, that the wind waves are prevailing all over the sea. The 
occurrence of complex sea with “fresh” swell is decreased from North to South. 

4.2. Markov transitions probabilities between classes 

Associating each class with the stable state of the sea with number , the synoptic 
variability of sea waves may be presented as the Markov chain  with the tran-
sient probability matrix 

k
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vector { } m,1jjkP t
j ,)( ===π . In Fig. 1 the transitions between classes are also shown 

as a “star” diagram, where the arrows correspond to different transient probabilities. 
E.g., the probability of transition during 3 hours from Wind waves (Class 1) to Wind 
waves and “young” swell (Class 3) is 5%, and 29% - return. The probability of the 
cases with the same class after 3 hours, is pointed on the arcs; e.g. for the Wind waves 
this value is 89%. 

4.3. Approximation of spectral statistics 

The model (1) allows one to estimate the probability characteristics of directional 
spectra S(ω,θ) − mean value, r.m.s, probability, tolerant and probability intervals by 
means of the statistical linearization. The mean spectrum is: 
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the  quantile spectrum is: %p
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spectral variance is: 
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Here pΞΞ, – are the sets of mean or quantile parameters of spectra, ),cov(, jii
D ξξξ  

the variance and the covariance of these parameters. For example, in Fig. 3 the results 
of the estimation of mean spectra with 70% probability intervals for each class, for 



SW part of the North Sea, are presented. All the directions are showed in Wavewatch 
III notation (zero is the East, and rotation counter clockwise). 

 
Fig. 2. Spatial distribution of the occurrence of 5 classes of directional spectra in the North Sea. 
1÷5 are the classes of spectra. The probability (%) shown near the pies. 

 



 
Fig. 3. Mean values and 70% probability interval for frequency spectra and angular distribu-
tions of directional spectra in Eq. (2). Classes 1-4, SW part of the North Sea. 

 



5   Rapid sea state transitions and the occurrence freak wave 

At the present state of knowledge the prediction of individual freak wave occurrence 
seems to be impossible. Nevertheless, the situations with increased freak wave prob-
ability may be described [11]. Comprehensive list of external and internal scenarios 
of freak wave generation are published elsewhere (e.g. [13]).  
One of the metocean scenarios leading to freak waves generation are rapid changing 
of wave conditions. Using the data from climatic wave spectra this is a situation with 
jump from one class of spectra to another and returning back to initial situation. The 
most suspicious jumps related to this situation are the ones from class 1 to class 5 and 
back (with probability ), and the jumps from class 1 to class 3 (with 
probability  ).  

51151151 ppP π=

3113 p1131 pP π=
Markov transient probabilities were calculated both for time and space domain. In the 
time domain the highest probability is on the diagonal of the matrix. This means, that 
at least during 3 hours, the class of spectra remains the same. The next one in terms of 
probability is the transition from class 1 (wind waves) to class 3 (wind waves and 
fresh swell) is 22-27% for all the regions. The lowest probability is for transition from 
any class to class 5 (wind waves and swell without separation). Such situations are 
quite rare, but their probability is not infinitely small.  
The plots with those probabilities are shown on the Fig. 4. It is seen that the probabil-
ity  has a maximum in the West side of the North Sea, and the probability  
increase from the North part of sea to South. 

131P 151P

 

 
(a) 

 
(b) 

Fig. 4. Probability of the “spectral jumps” (from wind waves to complicated sea and back): (a) 
- , (b) - . 131P 151P

As has been pointed out, the probability of freak wave occurrence increases in the 
cases of jumping from one class spectra to another. This is confirmed by comparing 
the present climate results with wave measurement in some points in Northern North 
Sea.  



Cases where freak waves were recorded in the North Sea were analyzed by Guedes 
Soares et al [5,6] respectively for North Cormoran and for North Alywn and Draup-
ner. These situations have been studied by investigating in the database of hindcast 
wave spectra the transitions that have occurred between types of spectra at the time of 
occurrence of the freak waves. The results are presented in Table 1. In the same table 
(row 3) jumps between different classes of spectra (1÷5) are shown.  

Additionally, in this table the instrumental measurements in the Black sea [8,11], 
where the freak waves were recorded, are considered. The result confirms that in all 
cases of freak wave recording, there happened sudden change of classes of spectra.  

From Fig. 4 it is seen that for case of jump 1-3-1 the most dangerous is the Eastern 
part of the sea (probability 1.5%). In the case of jump 1-5-1 – the most dangerous is 
Southern part of the sea (probability 0.4%). 

Forecasting of wave conditions for the North Sea is a routine experience. This means, 
that changing of wave conditions are also known. Therefore prediction of spectral 
jumps may be one of warning to the possibility of freak wave arising. 
 

Table 1. Dates and types of spectral jumps from the one class to another (in comparison with 
the wave measurements in the North Sea and the Black Sea). 

Position Date Sequence of classes (each 3 hours) 

North Alwyn, N. Sea 16.11.1993 1 1 3 3 3 1 1 1 
“ 18.11.1993 1 1 1 1 3 3 3 1 

N. Cormorant, N. Sea 04.01.1993 1 5 5 3 1 1 1 1 
“ 12.01.1993 3 3 3 3 1 1 1 1 
“ 18.01.1993 1 3 3 3 3 3 1 1 
“ 12.03.1996 1 1 1 1 1 1 1 1 

Draupner, N. Sea 01.01.1995 1 1 1 3 3 1 1 1 
Gelendzik, Black Sea 16.12.2000 4 3 3 1 1 3 1 3 

“ 22.11.2001 4 3 3 3 3 1 3 1 

6   Conclusions 

An approach for the statistical modeling of climatic directional wave spectra is pro-
posed. Probabilities of occurrence of each class of spectra, and of the transitions be-
tween classes for the North Sea are estimated (see Fig. 1, 2). Jumps from one class of 
spectrum to another have been studied for the time in which cases of freak wave 
measurements in the North and Black sea were reported. It is suggested that those 
types of rapid jumps may be regarded as an indication of increased freak wave prob-
ability. 
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