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Abstract. The paper rst statesasimplied formulation of V. I. Piter-
barg's theorem about extremes of Gaussian elds, which together with
the Slepian Model Represeration is a general tool for analyzing the
spatial characteristics of oceanwaves. We then consider numerical simu-
lations of random surface gravity wavescarried out in spaceand time by
means of modi ed nonlinear Schredinger equations. It is demonstrated
that high waves in the simulations are steeper and more asymmetric
than predicted by the Gaussian theory. The last part of the paper dis-
cussesLagrangian stochastic models as alternativ esto the conventional
Eulerian rst and secondorder models.

Intro duction

Today we are starting to obtain spatial measuremets of oceanwavesby remote
sensingtechniques (Schulz-Stellen eth and Lehner, 2004), and questions about
spatial and even spatio/temp oral extremesarise. For rogue wavesthe question
naturally comesup whether such wavesare truly exceptional, or whether they
may actually happen somewhereor sometimesin a storm seawith considerable
temporal and spatial externt.

Spatial data need tools from spatial statistics. The Slepian Model Repre-
sertation (SMR) for Gaussian elds is well known [8]. In ocean engineeringit
forms the basisfor New Wave Theory [17], the analysis of the shapesof extreme
Gaussianwaves[11], and the Boccotti theory of Quasi Determinism [1]. Another
result of more recert origin is an explicit expressionfor the asymptotic extreme
value distribution of a Gaussian eld of arbitrary dimension derived by V. .
Piterbarg [14]. A simplied formulation of the theorem is given below.

The tools have beenapplied for analysis of spatial numerical simulations of
random surface gravity waves of moderately narrow spectral bandwidth. The
simulations utilize the Modi ed Nonlinear Schredinger equations and produce
the time developmen of sectionsof the ocean surface of the order 100 100
typical wavelengthsand over 150 wave periods [18], [19]. Below we show a few
results about the shape of the individual high waves. An extended discussion
about extreme value distributions has beengiven elsewhere[16].



The nal part reports from ongoing work investigating three dimensional
secondorder Lagrangian stochastic models of the surface. Already at the rst
order, stochastic Lagrangian waves deviate signi cantly from linear Eulerian
waves, and secondorder theory shows new and interesting features.

1 Gaussian Fields

Considera zero mean homogeneouszaussian eld, X (x); x 2 R", with covari-
ancefunction (x), (0)= 2, and spectrum (k),
z
(x)= & (k)dk: (1)
k

We shall assumethat the covariance matrix, , ofr X = f@(z@(igi”:l is non-
singular. The covariance matrix may be expressedas
z

= kk® (k) dk: 2)
k

By turning to the principal axis, becomesdiagonal and de nes intrinsic spa-
tial scalesof the eld, (=2 = 5:2; k=1, ;N , where  is the k-th eigen-
value of = 2. The scalesde ne a unit cell with volume jVj= n =
) = 2 2 Whenn=1landx is time, the length of the unit cell is equal
to the mean zero-upcrossingperiod, T,. For n = 2 and x = (X1;X2), the scales
are the mean wavelength, o, and the mean crest length, ., and jVj = ¢ .
For the space-timecase,(x;t), an additional correction term due to the space-
time correlation is needed,jVj = o (T, 1 C§ C3 %2 Here Cy is the
correlation between @=@Xq (0; 0) and @X=@ (0; 0), and similarly for C.

The Slepian Model Representation (SMR) follows from the generaltheory of
multiv ariate Gaussianvariables, where conditional expectations and prediction
errors are expressedn terms of the covariance functions. We shall only usethe
result for the behavior around a high maximum at x = 0, wherer X = 0:

X:(0 = X (X (0= &r X @)= 0g=a—d+ (0: @)
The residual process (x) is Gaussianwith E( (x)) = 0, and
2
var( ()= (0 -9 1t () @
(0)
The approximation X (x) v a-% s only reasonablewhen (x) is small. In the

(0)
presert casethis is at most for the extension of the unit cell certered at x = 0,

beyond which Var (x)! 2.
Piterbarg's Theorem ([14], Theorem 14.1) considershomogeneousGaussian
elds in R" and the asymptotic extreme value distributions for the maximum



of the eld over subsetsT  R". We shall not bother about conditions on the
shape of the subsets,and the rather strong regularity conditions on X required
in the proof. Consider a subsetT with volume jTj, or, recalling the unit cell V
above, non-dimensionalsizeN = jTj=jVj. Then the Piterbarg Theorem may be
stated as
h 0y , [
P maxX (x) u vexp (2)7 e U=2H 1 (UN (5)

where H, are Hermite polynomials w.r.t. to the standard Gaussian density
(Ho(u) = 1, Hy(u) = u, Ha(u) = u> 1, ). Some care should be exer-
cised with the expressionin Eqn. 5, sinceit obviously fails for small values of
u.

In one dimension, Eqn. 5 reducesto the expressionfollowing from Rice's
Formula and the Poissonproperty of high up-crossings.This is an excellert ap-
proximation for the distribution of the maximum of Gaussian processeswith
ocean wave-like spectra. Being an asymptotic expression,it becomesmore ac-
curate as N increases,but the theorem givesno hint of how large N is needed.
A limited simulation study with realistic ocean wave spectra has shovn an
excellert agreemen for N as low as 20 for n = 2. In general, when N in-
creasesthe distributions tend asymptotically to a Gumbel distribution, G (u) =
exp( exp( a(u ug))), where

o o OGO, oy, (D),
x0=p2IogN+(n 1)log(2 ): (6)

As an illustration, considera uniform "storm" over an area 100 100km,
lasting for 6hours. With a mean zero-crossingwave period of 10s, assumea
meanwavelengthto be 200m, and a meancrestlength of 750m. Within the two-
dimensional storm areathere are at ead instant of time about N, = 6:6 10*
"waves", and henceug = 5:23. With the signi cant wave height Hg = 4 , the
most probable extreme crest height is

(MO deCmaX )space = 1.31H S: (7)
On the cortrary, at a xed location in space,N; = 2160,up = 3:94, and
(MOdeCmax )time = 099H S; (8)

Finally the over-all highest crest, assuminga rough estimate of the space-time
coherenceso that

jVjt 6 o Ty )
N3 = 2.4 107, and ug = 6:73. This resultsin
(MOdeCmaX)space:time = 1:68Hs; (20)

The last value is quite high, and it may indeed be pertinent to ask whether
freak wavesare real outliers from the standard statistics, or merely being at the
wrong place at the wrong time. In addition, secondwave theory will increasethe
numbers above even further.



Numerical Simulations

Wereferto [3] for adiscussionabout the numerical simulation model basedon the
Modi ed Non-Linear Schredinger(MNLS) equation. The numerical simulations
shown below are all basedon the ewolution of a stochastic wave eld with initial
wave spectra basedon the JONSWAP form and a cos- directional distribution,
E(;)=S)D();

" 5 ! o 2y 2
sS() = 5 €Xp 1 '— exp( (1=tp 1)%=2 J); (11)
P

(
()= O 7 i< 12)
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The corresponding wavenumber spectrum, truncated for jk  Kkoj > ko, is used
for the initialization of the Fourier amplitudes. In all simulations, k, = 1, and

J and havethe standard average JONSWAP-values. The spectrum is scaled
with  to an overall steepnesss = Hs= , = 0:045, typical for real oceanwaves
of somesize. Only two di erent casesare shovn below. For Case A, = 0.7,
corresponding to a directional spread ; = 14, and for Case B, = 0:35,
correspondingto 1= 7:2 .

The simulated domain is squarewith sides128 |, and the simulations cover
a time spanof 150 (2 =!p). During this time period the spectrum changes
slowly, and this has someimpact on the mean wave and crest lengths of the
elds.

The SMR givesa stochastic description of the spatial shape of high maxima
for Gaussian processesThe upper pair of plots in Fig. 1 shows a color-coded
graph of the surface,reconstructedto 3rd order, around the maximum along with
the SMR prediction for a Gaussian eld with the samecovariance function. We
obsenethat the simulation shows a de nitely narrower crestin the wave propa-
gation direction, whereasthe crest length is comparableto the SMR prediction.
The SMR prediction drops to 0 quite fast away from the maximum and the
prediction error, (x), takesover. This is illustrated in the lower plots, where
we show cuts through the maximum crest along the wave propagation direction
and in the orthogonal direction to that, the wave crest direction. Plus/min us 2
standard deviations of (x) are shown along with the actual outcome of the
simulation on top, and we obsene that the SMR prediction quickly becomesof
limited value away from the peak.

In order to draw more rm conclusionsabout the shape of the surfacearound
the crest, it is therefore necessaryto averagethe simulations over se\eral maxima
and comparethe meanto the SMR prediction. This is, however, somewhattric ky
sincethe spectrum and hencethe covariancefunction and the SMR vary over the
time span of the simulations. An exampleusing CaseA, which undergoesonly a
minor spectral changes,is shavn in Fig. 2. It is obvious that the averagecrest
from the simulations is narrower than the SMR prediction, and the extension
of the surrounding troughs is larger. When inspecting individual realizations, as



Surface Near Maxima Slepian model

Fig. 1. Excerpt around the maximum peak of a simulation for Case A after 150T,.
Top left: Color-coded surface elevation. Top right: SMR prediction. Bottom left: Cut
through the maximum in the wave propagation direction. Black: Actual prole. Red:
SMR prediction 2std (x). Bottom right: Cut in the orthogonal (crest) direction.

shown in Fig. 1, it is often seenthat the crests are longer than predicted by
SMR, but bent in various directions. On the average,the crest length in the
direction orthogonal to the main propagation direction is similar to the SMR.
Figure 3 demonstratesthis for cuts in the wave and orthogonal crest directions
for both CaseA and B. Along the wave propagation direction, the wavesare
steeper than predicted by the SMR. Moreover, as a consequencef the second
order contribution, the troughs on ead side are signi cantly shallower than
linear wave theory predicts. The wave as a whole is therefore more vertically
asymmetric. The average di erence in crest lengths is minor, but this is an
averagein the orthogonal direction to the wave propagation, and not the length
of the actual crests, which, as noted above, tend to be bert.

2 Lagrangian Mo dels

The traditional oceansurfacewave theory is basedon a perturbation expansion
of the Eulerian equationsof motion for an incompressibleand inviscid uid. This
approach has beenapplied successfullyto model grossfeatures of the wavesas
long as their overall steepnessemains small. However, issuessuc as the esti-
mation of radar backscatter from the seasurface depend strongly on the slope
and curvature of the oceansurfaceon many scales.This requires a description
of the waveswhich is rather di cult to achieve through the Eulerian approach.
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Fig. 2. Average surface shape around the maxima for Case A (left) compared to the
SMR prediction, also averaged over the time span of the simulations (right).
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Fig. 3. Averagecuts in the wave and crest directions for CaseA (upper) and CaseB
(lower) . Solid: simulations, dashed: SMR prediction.



Recerily, the interest for a Lagrangian description of ocean gravity waves has
increased([10], [2], [9], [5]). In this approach [6], one considersthe motion of in-
dividual uid particles, and the free surfaceis derived from the surfacepatrticles'
positions [7]. As a result, the surfaceelewation is described through a paramet-
ric represertation, which allows a larger exibilit y as far as the wave shape is
concerned.

In the Lagrangian model, the uid is described through a setof uid particles
located at X = (x;y;z)"T at a given time t. The coordinate system has origin
at the mean water level with z pointing upwards. Each particle is labelled by
its referenceposition Xo = (; ; )'. The uid is assumedto be incompressible
and inviscid, and the o w irrotational. The consenation of momertum can then
be integrated to

re. (X =0; (13)

and the massconsenation reads[7]
det(J) = 1; (14)

whereJ X7, r. (@@ @@ @@). The boundary conditions are

0 at the surface
p=0 for =0 (15)
zz! Ofor ! 1

A perturbation expansionof equations(13){(15) hasbeencarried out in [12]
and [13]. According to dimensionalanalysis,the small parameter is proportional
to jjJ  1jj, where kk is any matrix norm of R3 3. Thus, is related to the
Lagrangian gradient of the distance between the particles and their reference
positions X . This di ers from the Eulerian approad, wherethe small parameter
of the perturbation expansionis the wave slope. The displacemen of the particles
is now written asX = Xg+ X1+ X, + , WwhereX, = O(").

The rst order solution is similar to the irregular extension of the Gerstner
wave [4] given by Pierson (1961).

X
Xy = k—papekp sin (16)
x P
z1= apeicos 17)

p

with = kpxo  pt+ p, andwherek, = jkpj and 5 = gkp. The wave pro les
show sharper crests and broader troughs. It is also capable of capturing some
non-resonan wave-wave interactions such asthe modulation of the crest-to-crest
distance of short wavesriding on the top of longer ones,as depicted in Fig. 4.
Besides,it can be shown that the interaction of two rst order wave compo-
nents with similar frequenciesbrings about a secondorder non-uniform current,
whose main e ect is to bend short crested waves. These so-called horseshe
patterns have also been obsened to form in simulations based on the MNLS
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Fig. 4. First order bi-chromatic Lagrangian waves.
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Fig. 5. Secondorder irregular Lagrangian wavesin three dimensionsdeveloping "horse-
shoe patterns".
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Fig. 6. Secondorder irregular Lagrangian waves(solid lines). Corresponding rst order
Lagrangian surface (dash-dotted line). The grid is regular in the referencecoordinates.

equation [20], but are already seenat secondorder in the Lagrangian approac
(see Fig. 5). The well-known Stokes drift is obtained from the second order
interaction of a rst order wave component with itself. Besides,for irregular
waves, large horizontal displacemen wavesat the secondorder are responsible
for asymmetric wave pro les with steepfronts, asshown in Fig. 6.

However, the secondorder masstransport inducesan increasein the horizon-
tal displacemen of the uid particles. Consequetly, the small parameter of the
perturbation expansionalso grows towards in nit y, and the duration of validity
of the model is limited.

Conclusions

The Slepian Model Represeitation and Piterbarg's asymptotic extreme value
distribution represen valuabletoolsfor analyzing spatial elds. Piterbarg's The-
orem givesa simple expressionfor the extreme valuesin Gaussian elds in any
dimension, and may, in particular, answer questionsabout the maximum crest
height in an area at a xed time, or the overall highest crest in a spatially
extended eld lasting for sometime.



The numerical simulations using the modi ed nonlinear Schredinger equa-
tions give snapshotsof the surfacesover a typical areal28 128wavelengthsand
at time instancesranging from 0 to 150T,. During this time span, the simulated
wave elds undergo some spectral change, as discussedin [3]. The simulated
surfaceshave been reconstructed to rst, secondand third order, and for the
shape of the highest waves, the simulations showv systematically steeper waves
in the wave propagation direction and somewhatlonger crests than the Gaus-
sian prediction obtained from the SMR. Individual realizations often show that
the crestsbend. Simulated high wavesare therefore signi cantly more vertically
asymmetric than the corresponding Gaussianwaves.

The Lagrangian stochastic models represen interesting alternativesto the
cornventional Eulerian models. Already at the rst order, stochastic Lagrangian
wavesdeviate signi cantly from linear Eulerian waves,and secondorder theory
developsnew and interesting features.
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